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Lucy-n = Lustre + buffers

(1001)

v auxl

———— > vwhen [T}

(0110)

<
aux?2
— ¥ when =iil

let node g (il, i2) = o where

rec auxl = il when (1001)

and aux2 = i2 when (0110)

and o = buffer auxl + buffer aux2
val g :: forall ’a. (’a * ’a) -> ’a on 0(10)
Buffer line 4, characters 10-21: size = 1

Buffer line 4, characters 24-35: size = 1

Clock calculus to automatically compute
» activation rhythms of nodes (schedules)

» buffers sizes needed for these schedules




Abstract Clocks
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Instants
Advantages: Disadvantage:
» efficient algorithm » over approximation of buffer sizes

» deals with not exactly periodic » reject correct programs

clocks

= an algorithm without abstraction is useful in certain cases



Overview

1. Algebraic properties of ultimately periodic binary words
2. Typing of n-synchronous programs

3. Discussion



Clocks
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>
w
X 2 5 3 7 9 4 6

w=clock(x) |1 1 0 1 0 1 1 1 0 0 1

Ultimately periodic binary words

Co def
» definition: p = v (v) & P =uw avec w = VW

» notation: prefix = p.u  and  periodic part = p.v

» example: 1101(11100110) =1101111001101110011011100110 ...

Index of the j1 1 of w
» notation: Z,,(j)

» example: Z,,(4) =6



Sampling

w2
X v X when w2
w1 when w1 on W2
W2 1 O 1 1 O W2
X when w2 | 2 3 7 w1 0N Wo
Definition:
def
Ow1 on w- 2 O(w1 on wg)

1w, on 1lws

1UJ1 on O’UJ2

f

18 1 |

f

1(w1 on wo)

O(wy on wsy)



on Operator

Example:
P1 1101 (111001 1 0)
P2 1 0 1 (1 0 0 1 0 )
pponpy|1 O O 1 (1 0 0 O O 1 0 0 )
Properties:

» size and number of 1:

Let p1 and po such that |py.uly = |p2.u| and |p1.v|1 = |p2.v|. Then:

((pron pa)ul = [prul  [(pron p2)uls = |p2.uls

\(p1 on p2)-’U\ \pl-”U| \(pl on p2)-U|1 |p2-’U\1

» index of the j1 1 of wy on wo :

Vj > 1, le on wo (J) — Iw1(Iw2 (]))



Buffering

X buffer x R
w1 W9
Communication through a bounded buffer:
» synchronizability test:
[p1-v]1 [p2-vly
P1 DX P2 <~ =
[p1-v| [p2-v|

» precedence test: let h = max(|p1.ul1, |p2.ul1) + ppcm (|p1.v]1, |p2-v]1),

p1 = P2 A V]v 1§]§h7 Ip1(]>§Ip2(]>

» adaptability test: p1 <: p2 & pL>XIps A p1 2 po

Examples:
» synchronizability test: (11010) <t 0(00111)
» precedence test: (11010) < 0(00111)



Example of Lucy-n program

L 1001)
: < (10)
i1 » when aiil

auxi

(1100)

4 (01)
when 1T} a2 <
{+ + when

v

(01)
v

when

i2

+ » when I

let node f (i1, i2) = o where
rec auxl = buffer (il when 10(1)) + aux2
and aux2 = buffer (i2 when (1100)) + i2 when (01)
and o = buffer (auxl when (10)) + buffer (auxl when (01))



Typing

il

aq

i2

Q9

10(1)
Y (10)
b Y
nen oy on 10(1) o on (01) aux1 o when
(1100) 9 on (01) a9 on (01) on (10) as| 4
< (01) as
h a3
e a9 on (1100) azon (01) | aux2 N wﬁin
(01) ay on (01) oy on (01) on (01)
Y
when
o on (01)
a1 X ag — a3 with the following constraints:
(
a1 on 10(1) <: a9 on (01)
ao on (1100) <: a9 on (01)
as on (01) on (10) <: a3 on (1)
as on (01) on (01) <: «3on (1) )

Question: find types a1, as and asg

such that the constraints are always satisfied.
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Typing

il

aq

i2

Q9

10(1)
Y (10)
b Y
nen oy on 10(1) agon (01) | aux1 o when
(1100) 9 on (01) a9 on (01) on (10) o3
< (01) as
h v a3
e a9 on (1100) azon (01) | aux2 » when
(01) ay on (01) oy on (01) on (01)
Y
when
o on (01)
a1 X ag — a3 with the following constraints:
(
a1 on 10(1) <: a9 on (01)
ao on (1100) <: a9 on (01)
as on (01) on (10) <: a3 on (1)
as on (01) on (01) <: «3on (1) )

We can simplify constraints that depends on the same type variable

» Property:

aonce; <: (xon cey

=< ceqp <:oces

v



( a1 on 10(1) <: a9 on (01)
) (1100) <: (01) >
as on (01) on (10) <: a3 on (1)
| a2 on (01) on (01) <: «gon (1) )
We can check that the adaptability constraint is satisfied.
( )
a1 onl10(1) <: a9 on (01)
)

as on (01) on (10) <: «azon (1)

| a2 on (01) on (01) <: a«azon (1)

We can express this system in function of a unique type variable

by instantiation of aq, as, ag

0 ={a; «— aoncy; az « aoncy; g aoncs;}



aoncy on10(1) <: «aoncyon (01)

aoncyon (01) on (10) <: «onczon (1)

| aoncyon (01) on (01) <: «aoncgon (1)
We can simplify the constraints
ci1 on 10(1) <: ¢ on (01)

co on (01) on (10) <: c3o0n (1)
co on (01) on (01) <: c3o0n (1)

Question: find ultimately periodic binary words ¢, ¢y and c3
such that the constraints are always satisfied.



Typing

il

10(1)

aq

i2

when

(1100)

when

o1 on 10(1)

a9 on (01)

auxl

(10)

(01)

Q9

when

a9 on (1100)

azon (01) | aux2
ay on (01)

o on (01)

9 on (01)

when

(01)

v

when

A
as on (01) on (10) as| 4

(0%

Q3

oy on (01) on (01)

a on cy X o on co — « on cg with the following constraints:

2

c1 on 10(1)

co on (01) on (10)
co on (01) on (01)

We can compute on.

<: o on (01)

<: c3on (1)
<: c3on (1)

v



c1 on 10(1)

co on (0100)
co on (0001)

We can adjust the system such that all the samplers of a same variable have the

same size.

c1 on 10(1)

co on (0100)
co on (0001)

We choose the number of 1 of each ¢,, such that it is equal to the size of its

samplers.

lcrult =2 ey =1 [co.uly =0

<

<
<

<:

<
<:

lco.v|; =4

co on (01)

c3 on (1)

c3 on (1)

co on (0101)

c3 on (1)

c3 on (1)

lcsculy =0 egov]p =1



We can split adaptability constraints into synchronizability and precedence

constraints.

\

c1 on 10(1) i co on (0101)

co on (0100) i c3 on (1)
co on (0001) i c3 on (1)
(Sync)

AR

We can apply the synchronizability test.

y

[(c1 on 10(1)).v

[(c1 on 10(1)).v

(o on

(0100)).v

(co on

c1 on 10(1)
co on (0100)

co on (0001)
(Prec)

(0101)).v];

Co ON
Co ON

(0100)).v
(0001)).v

(co on

(c3 on

(0101)).9|

(1)).v

(co on

(0001)).v

C3 OMN
C3 ONn

(1)).v
(1)).v

(c3 on

(1)).v

< ¢o on (0101)

< c3 on (1)

< c3 on (1)

> A\ (Prec)




Thanks to the choice of the number of 1 of the ¢,
we can simplify the formulas.

_/\

’

10(1) )4

c1.0)

1(0100) .04

|co.v|
(0001).v|4

co.v|

We can rewrite the system.

~[C0101) .0y )

_ (1) .v]4

co.v|

| (1) .0

|c3.0|

c3.0) )

( )
1(0101).v|; X |e1.v] = [(10(1) ).v|1 X |ca.v]

| (1) .v]|; X |ca.v] = [(0100).v|; X |c3.v]
\ | (1).v]; X |ea.v] = [(0001).v|; X |c3.v]

We can compute the number of 1 of the samplers.

> A\ (Prec)

> N\ (Prec)




/

2% erw| = leaw| | [ ¢ on 10(1) < ey on (0101)

9 AR >
lco.v| = |c3.v] co on (0100) =< c3 on (1)

c2.v| = |ez.v| | | c2 on (0001) < c3 on (1)

Thanks to the choice of the number of 1 of the ¢,
we can apply the precedence test.

\

( . . . .
vy, 1 <5 <3, Icl on 10(1) (J) < IcQ on (0101) (J)

(Sync) A <

VAN

Ic3 on (1) (7)
ICs on (1) (7) )

Vi, 1<5 <1, Z_ o (or00)J)
X V], 1 S.] S 17 ICQ on (0001) (])

IA

We can apply the on formula.



(Sync) A <

[ vj, 1<j<3,

Icl (1.10(1) (])) < ICQ (1(0101) (]))

\V/ja 1 <7<, 102(1(0100) (]))
L \Vlja 1 <7<, 102(1(0001) (]))

VANVA

Le
Le

3(1(1) (]))
3(1(1) (]))

We can compute the index of the 1s in the periodic words.

(

.
2 X |c1.v| = |e2.)
AR
lco.v| = |c3.v]
c.v| = [cz.v]

\

/

Question: find the sizes and the index of 1

such that the constraints are always satisfied

and they define well formed ultimately periodic words.

N

19



Well formed ultimately periodic binary words

ultimately periodic word | 1

o O
—~
—

o O

infinite word | 1

N = =
>~ =
D =
N = =
O
[
O
[

index | 1

Well formation constraints:

» increasing indexes: V5 >1, 7,,(j) < Zyw(j+1)
» sufficient indexes:  Vj > 1, Z,,(j) > j
> periodicity: Vi > |p.uli, Zp(5 + [pvli) = Zp(5) + |p-v]

» sufficient size: p.v| > 1+ Z,(|p-uls + |p-v]1) — Zp(|p-uls + 1)

20



Typing

f

y

a on c; X aon co — « on cg with the following constraints:

2 X

N

> /\

- (v_size c1-1)

We can solve the constraints using GLPK.

21



Typing

il

10(1)

aq

i2

» when

o1 on 10(1)
(1100)

auxi

(10)

azon (01) |

when

a9 on (1100)
(o1)

Q9

azon (01) | aux2
ay on (01)

when

o on (01)

9 on (01)

» when

(01)

v

when

oo on (01) on (10)

oy on (01) on (01)

Q3

Q3

(0%

10| =2

lco.v| =

We can build the following solution:

c1 = 11(10)

co = (1111) = (1)

;1 aoncy X aonce — «on cg with the following constraints:

4 lc3.v| =4

c3 = 000(1000) = (0%1)

22




Typing

10(1)

auxl

(10)

9 on (01)

i1 v

when
o o1 on 10(1) a9 on (01)

(1100)

<
when aux?
a9 on (1100) azon (01) |

(01) ay on (01)
i2 v
— when
o9 oy on (01)

let node f (i1, i2) = o where

rec auxl

and aux?2

and o = buffer (auxl when (10)) + buffer (auxl when (01))

val f :: forall ’a. (’a on 11(10) * ’a)

buffer (il when 10(1)) + aux?2

» when

(01)

v

when

oo on (01) on (10)

oy on (01) on (01)

buffer (i2 when (1100)) + i2 when (01)

Buffer line 2, characters 13-35:
Buffer line 3, characters 13-36:
Buffer line 4, characters 10-33:
Buffer line 4, characters 36-59:

s1ze =

QO N N kN

s1ze
s1ze =

s1ze =

-> ’a on 0°3(10°3)

Q3

Q3

23
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Comparison with the resolution using abstraction

Notation:
» abstract resolution = resolution algorithm that abstract clocks

» concrete resolution = resolution algorithm that does not abstract clocks

Advantages of the abstract resolution:
» much more efficient

» able to deal with not exactly periodic clocks

Advantages of the concrete resolution:
» more programs are accepted
» more precise buffer sizes

» better schedules

24



Throughput v.s. buffering

(1001)

. <
il auxl
——» vwhen
(0110) P S B
. <
i2 aux?2
—— when [T}

let node g (il, i2) = o where
rec auxl = il when (1001)
and aux2 = i2 when (0110)

and o = buffer auxl + buffer aux?2

With bufferization:
val g :: forall ’a. (’a * ’a) -> ’a on 0(10)
Buffer line 4, characters 10-21: size = 1
Buffer line 4, characters 24-35: size = 1

Without bufferization:
val g :: forall ’a. (’a on 0(174 00) * ’a on (110011)) -> ’a on 0(100)
Buffer line 4, characters 10-21: size = 0

Buffer line 4, characters 24-35: size = 0 25



Objective function

It is possible to choose the objective function when the linear constraints are
solves

» ASAP: minimize the index of 1s
» rate: minimize the sizes

» buffer: minimize the precedence constraints

26



Conclusion

New algorithm to type n-synchronous programs with periodic clocks.
Completeness depend only on the choice of the number of 1s in the solution.

Handles to choose the solution: buffering vs throughput.

Accepted to JFLA 2011:

http://www.lri.fr/~plateau/jflall
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Reminder

» size and number of 1:
Let p; and ps such that |p;.u|; = |p2.u| and |p1.v]1 = |p2.v|. Then:

[(p1 on p2).u| = |p1.ul ((p1 on p2).uls = [p2.uls
[(p1 on p2).v| = |p1.9] [(p1 on p2).vls = |p2.v|y

» index of the j7" 1 of wy on ws :

\V/j > 1, le on wg(j) :Iun(Iwz(j))

» synchronizability test:
P11 L P21

\pl-’U\ B \pz-v|

P1 XA P2 ~

» precedence test: let h = max(|py.ul1, |p2.ul1) + ppcm (|p1.v|1, |p2.v]1),

P1 jp2 < V], 1§j§h7 Ipl(j)gzp2(j)

» adaptability test: p1 <: P9 & pL>Xps A p1 X pa



